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Problem 1

Consider a time-dependent Hamiltonian given by,

%(r: + Qcos(wt + ¢)o, (1.1)

Suppose the driving frequency w is se compared to th iving strength Q and the detuning
lw —¢ w >, w>> |w— wp|. Apply the rotating wave approximation to obtain the effective

Hamiltonian
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[Hint: (i) You may want to write the interaction picture Hamiltonian in terms of Hy = %o..
Co oarse graining, i. e. (€' + 1) — 1 for time average over a time duration long

H' = )) + o, sin(e))
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Problem 2
Consider an arbitrary (and unknown) pure state of two qubits given by
1) ap = |00 + B|11) + ¥|10) + 5]01) (2.1)

where o, 3, v and § are complex numbers satisfying |o|2+|3|2+|v|?+|§|> = 1. Answer the following
questions:

(a) Suppose we trace out subsystem B, what is p4?

(b) Calculate the von-Neumann entropy between the subsystems, which is given by Sy = — tr [p4 log pa].
Ist he sa = —tr[pplog pp|? (Remark: Remember to diagonalize the reduced density
matrices before the calculation.)

(¢) Consider the special case when v = § = 0 and o = 8. What are Sy and Sp for this case?
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Problem 3
Parameterize the density matrix of a single qubit as:

1, <

(a) Describe what happens to X under the action of phase-damping channel.

'hat happens to X under the action of amplitude damping channel defined by the

M’:[l 0 }.Ml:{()\/ﬁ}
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(¢) The same for a “two—Pauli Channel” given by,
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Problem 4 [Bonus|

Both Hamiltonian and density operators are Hermitian. Can we design a protocol to let a system
evolve under some Hamiltonian that is proportional to another density matrix? The answer is yes.
Here is a clever trick to achieve such a task.

(a) For two systems A and B, with the same dimension d, write down the unitary of the SWAP
operator between the two systems, S4p. Show that S,p is a Hermitian operator.

(b) Prove that the exponential of S4p has the following simple form:

e"aBt — T cost —iSapsint. (4.1)

[Hint: Check S%5.]

(¢) For a small evolution time At, show that the quantum state of system A with density matrix o
will effectively evolve under a Hamiltonian equal to the density matrix p of system B up to the first
order of At, after a unitary evolution with Hamiltonian H = S4p followed by tracing out system
B:

trg {(3_15'_4“&(0 ® p)@mwm] = e WPAtGelPAL 4 O(AtZ) (4.2)

[Note: The above protocol was proposed for quantum principal component analysis in Nature
Physics 10, 631 (2014).]
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Problem 1 Kraus representation & Choi matrix

How to compute the Kraus operators for a complete positive and trace preserving (CPTP) map?
Suppose £, is a superoperator acting a d-dimensional system A. Here is a procedure to obtain a
minimum set of Kraus operators for superoperator €4, where €4 (|m) (k|) = 3;; Cinjr 1) (j]-

(a) First, demonstrate that the elements Cj,, r can be retrieved as

Z Crmjic 1) (G| @ [m) (k| = E4 @ Lp (|¥) (¥] 1) , (1.1)

Imjk

. . . -1 . .
with unnormalized maximal entangled state between systems A and B, [¥),, = Z;:” ‘j)A \J)B.

This matrix C' is the Choi matrix of £, and contains all information of the superoperator.

(b) The Choi matrix is a d? x d*> Hermitian matrix at most d? orthonormal eigenvectors with
paravairenvalios il = d=1 _p | . ri vicenvalue M. for = . - P

non-zero eigenvalues, v = >0 (vl |j) 4 [k) p with eigenvalue A\, for p = 0,1,---,d* — 1. If

the superoperator is complete pc 1l the eigenvalues will be positive. We can thus define a
. : 1

set of d x d matrices (M,);, = (M)’" vl Prove that the set {M,}

representation of & 4:

u=0,... @21 provides a Kraus

(pa) Z M, paM;, (1.2)

with Z“ ;\[Z:\/“ = I if £, is trace-preserving.

(¢) Show that the Kraus representation is not unique, because we can create other equivalent Kraus
representations by unitary (more generally isometry) transformation

o =Y VauM, (13)
"
where V is the isometry map, such that ViV =

(d) Prove that the rank of Choi mat rank (C), is the the Kraus rank, which is the minimum
number of non-zero Kraus operators needed for the Kraus representation.
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Problem 2 Master equation & steady states

In this problem you will explore the degree of freedom in the Lindblad master equation. The
Lindblad master equation with Hamiltonian H and a single jump operator J

% = —i[H, p| + DlJ)p

where D[J)p = JpJt — L{J1], p}.

(a) Show that an open system with jump operator J= (a

with jump operator J = & and Hamiltonian H = ga+g*

and ¢g* is its complex conjugate. Find the value of g for a given . Also, verify that the coherent
state |«) is the only steady state, i.e. ‘; =0 for p(0) = |a) (a.

(b) Show that an open system with jump operator J = (4% — a?) is equivalent to an open s
with jump operator .J nd Hamiltonian H = J aZT Aqdln find the value of g fo
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Problem 3 POVM

Due to power failure, components of two states [1)1) = |0), |1)3) = |[4+) became mixed, where
|£) = % (|0) £ |1)). You are given a box containing both the components and two detectors as
described by operators

(3.1)

(3.2)

(a) Can you distinguish the two components?

(b) Does E; and E; form a POVM? If not, can you construct a POVM using £ and Ey?

(¢) What can you deduce from the results of the POVM?
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Problem 1

The no-cloning theorem shows that we can’t build a unitary machine that will make a perfect copy
of an unknown quantum state. But suppose we are willing to settle for an imperfect copy—what
fidelity might we achieve?

Consider a machine that acts on three qubit states according to

2 Lo
1000) 4 e — \/js 100) 4 [0 + \E 0% 1 o
, 2 L i
1100) ape = 4/ 3 1) ap e+ /3 ¥ )45 10)c -

where [¢)T) , , is the Bell state % (10) 4 11) g+ 11) 4 10) 5)-

(a) Is such a device physically realizable, in principle?

If the machine operates on the initial state [¢) , [00) ., it prrodu(*m a pure entangled state |¥) , o
of the three qubits. But if we observe qubit A alone, its final state is the density opeator p/y, =
Trpe [|¥) (¥] 45c] - Similarly, the qubit B observed in isolation, has the final state pz.It is easy to
see that p/y = pjz — these are identical, but imperfect, copies of the input pure state [¢) , .

(b) The mapping from the initial state [¢/) (¢|, to the final state p/yof qubit A defines a super-
oiperator £. Find an operator-sum representation of £.

(c) For [¢), =al0) 4 +b|1),, find p/y, and compute its fidelity F = (4| p/y [¢) 4.
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Problem 2

Compute the Schmidt decomposition for a pure state given by
1

|®/>AB \/(_)

Note: Schmidt decomposition is essentially a restatement of singular value decomposition(SVD).
The SVD of an n x m matrix (assume n > m) is a factorization of the form

(V3100) 45+ VZ101) 45+ 111),15 )

M=U > %l
4 — O 4

where U is an n X n matrix, V' is an m X m matrix and X is a m x m positive semi definite diagonal
matrix. SVD can be calculated using MATLAB/MATHEMATICA or a similar software. Suppose,
we write U = [Uy, Us], where Uj is an n x m matrix, then we can write M = U; YV, Try to construct
the Schmidt decomposition using the first m column vectors of U; and V' and the diagonal elements
of X.
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Problem 3

What transformations are possible for bipartite pure states? Suppose Alice and Bob share a bipartite
pure state |¥). Using a LOCC protocol, they wish to transform it to another bipartite pure state
|®). Furthermore, the protocol must be deterministic — the state |®) is obtained with probability
one irrespective of the outcomes of the measurements that Alice and Bob perform.

Suppose that these initial state is the Bell state

1
|¥) = E(IOHOH 1) (1))

and the final state is
|®) = (cos@0)|0) +sind|1)[1)).

(a) Please construct a LOCC procedure to deterministically prepare the final state. (Hint: You

may need to consider generalized measurement as defined by a set of operators {M,} such that
) R M, | W)
> " 1\[}\[,, = [. If the outcome g occurs, the state |¥) evolves into |V,) = —“; You need

NI
to find LOCC operations {M,,} that ensures |V,) = |®)).

(b) Bonus: More generally, suppose the initial and final states have Schmidt decompositions

|W) = Z (pw); o) @ | 5)
(pa), ”;> ® "1:’>'

Show that if the deterministic transformation |W) — |®) is possible, then py < pg (“py is majorized
by ps” !). (Hint: Preskill Notes, Problem 3.6.)

YWLOG pon > Pont1, Pwn > Puntt, then py < po < Y. pu = pa,YmY e pe <30 o

(0‘) \/\/r[jh M‘ = (oS®

MTMI +M7-+M1 = I

M, > 89 |oo> + sLO 11>
\/\/ﬁ have H’.> = ————— = | = O s+ 50>
Ko M1 5?0 + sl2g :

> = m;?;|> = s > + 510105
2 M2y
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Problem 1

Two prominent classes of entangled states according to LOCC for N-qubits are the GHZ and the
W states which are given by

1
—2(|()()...())1_2___4\< +|11..1)12. )

NG
L

vN

|GHZ)12.n =

[Whia. N = (10..01)1..N—1,5 +]0..10)1. . N—1,N + ... + |1..00) 1. .N—1,N-

(a) Calculate the number of entangled bits (given by Von-Neumann entropy) between the subsys-
tems (1[2,3,..N), (2/]1,3,...N) , (3|]1,2,...N) . . . (N|1,2,3,... N — 1) for both states.

(b) Suppose, we consider a three-qubit GHZ state and distribute qubits (1,2) to Alice and qubit
3 to Bob, Design a quantum circuit that will show the deterministic teleportation of an arbitrary
and unknown single qubit state from Alice to Bob using CNOT and Hadamard gates.

(¢) If we distribute qubits (1,2) to Alice and 3 to Bob from the three-qubit GHZ state, how many
classical bits can be transferred from Alice to Bob with superdense coding? Suppose, we distribute
qubit (1) to Alice and qubits (2,3) to Bob, how many classical bits can be transferred from Alice
to Bob with superdense coding?

(d) Can the three qubit W-state be used for the deterministic teleportation of an arbitrary single
qubit state if we distribute qubits (1,2) to Alice and 3 to Bob? If yes, then give the scheme, if no,
then explain why?

(e) If we consider the “asymmetric W state” given by

[W)123 = a]001) 125 + b|100) 123 + c[010)123

where a,b, ¢ are complex numbers satisfying |a|? + [b]? + |c|*> = 1. For what choice of (a,b,c) is
the state suitable for the teleportation of an arbitrary single qubit state between two parties for a
suitable distribution of qubits?

(f) If we distribute qubits (1,2) to Alice and 3 to Bob from the asymmetric W-state with the values
of a, b, ¢ that you obtained above, how many classical bits can be transferred from Alice to Bob
with superdense coding? Suppose, we distribute qubit (1) to Alice and qubits (2,3) to Bob, how
many classical bits can be transferred from Alice to Bob with superdense coding?




Problem 2

Consider the following four-qubit entangled state

1
[X)1231 = §(|0000>1234 +10011) 1934 + [1100) 1234 — [1111)1234)

(a) Construct a quantum circuit with CNOT, CPHASE and (or) Hadamard gates for the creation
of this entangled state.

(b) Show that using an appropriate qubit distribution of the above-entangled state, Alice can
transmit an arbitrary and an unknown two-qubit state to Bob deterministically.

(c) Suppose, we distribute qubits (1,2) to Alice and (3,4) to Bob, how many classical bits can be
transferred from Alice to Bob with superdense coding? Suppose, we distribute qubits (1,4) to Alice
and (2,3) to Bob, how many classical bits can be transferred from Alice to Bob with superdense
coding?

> —H)
] 0D '—éa"—'@f_‘
' oD H

1>
\/er'fE/Ca‘ﬁbn‘. lovoo> ) é(l“”“)"—]‘h?) = —l2_<|oow>>+]o‘)'>+1”°,>+hnb>
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Problem 3
Consider two-qubit system characterized by the following density matrix

pag =ps|¥7) (U7 +a|UH) (TF| +b|00) (00| + (m + b) |11) (11|,
where |UF) = % (|01) £110)) and ps + a + 2b+m = 1 for pg,a,b, (m + b) > 0.
(a) Compute the concurrence C (pap).

(b) Show that the system is entangled (i.e., C' (pap) > 0) if

1—m?

2

Ps > pg =

(c) [Bonus] For arbitary density matrix of two-qubit system, we may define the singlet population

ps = (V7| pap |V ™) and magnetization m = ‘Tr [p,lb»?] ‘, with ? = %(!ﬁ + (T_g;) Show that for

ps > ps, the system must be entangled (i.e., C(pap) > 0). (Hint: Use the fact that LOCC cannot
generate entanglement).

(a) FOY 2- qukit ija‘tes conCurrence. 1S dejt,‘neo[ as
C(Q) = maxX (O) >\)“>\z—>\3 “ADA
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Problem 1

Suppose we have two copies of Bell states |1, ) which undergo the decoherence process and evolve
into mixed states (also known as Werner states) given by

o = FI )| + SR+ 16061 + [6:) (0]

where F' is the entanglement fidelity.

(a) Show how one entangled state of higher fidelity (F”) could be obtained with two entangled
states of lower fidelity (F') provided F > 1/2, where F” is given by

2, (1-F)?
F* 4+ =

/
5

FI%
YU FP24+2F(1-F)+21-F)?

(b) Ome can carry out the above purification process N times and obtain the new fidelity F} .
Assume that the initial fidelity of two Bell states is 0.6. Plot how the improved fidelity varies with
the number of purification steps up to 20 steps.
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Problem 2

In this problem you are required to verify/prove the deterministic teleportation of a CX gate between
two parties. Suppose Alice and Bob share a bell pair [U+) = (|01) +|10))/4/2. Prove that they can

use the circuit shown in the right panel of Fig. 2.1 to deterministically implement a non-local CX
gate between their data qubits Dy and D,. C, C5 represent their shared bell pair.

Figure 2.1: The circuit of the teleportation-based CX gate in [1].

References

[1] Chou, Kevin S., et al. ”Deterministic teleportation of a quantum gate between two logical
qubits.” Nature 561.7723 (2018): 368-
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Problem 1

A black box computes a function
f:{0,1}" — {0,1}
which can be represented by a binary string
X = Xy-iXnuy:.0X9Xg
where X; = f(7), N = 2™. Our goal is to count the number r of states “marked” by the box, that is.

to determine the Hamming weight » = | X| of X. We can devise a quantum algorithmm that counts
the marked state by combining Grover’s exhaustive search with the quantum Fourier transform.

(a) The black box performs an Unitary transformation Uy which acts according to
Us(|z) ® |y)) = |2) ® |y & f(x)) (1.3)

where |z) is a n-qubit state and |y) is a single-qubit state. How can we achieve the unitary trans-
formation

Uglz) = (=1)7@)|z) (1.4)

with the black box, Hadamard gate(s), and an auxiliary qubit?

“.)) Let |¢x) = %ZJ’—\}:{ |7) d.cnu.t.«: th-c unifu-rm .sllpcrpusiti(:nl of the marked states and let
UGrover denote the “Grover iteration,” which performs the rotation by the angle 20 i the plane

spanned by [¢y) and |s) = \/LTZJ\:O 7)., where sinf = (s [ Vx) = /%
Consider a unitary transformation
Vi) ®|o) — |t) @ Ut |#) (1.5)

Grover
T —1} (where T'= 2™), and then applies
UGrover t times. Explain how V can be applied calling the oracle T-1 times.
[Hint: Use the binary expansion ¢t = :‘”:701 t12F and the conditional oracle call from (a).
(¢) Suppose that r << N. Show that, by applying V, performing the quantum Fourier transform

on the counter register, and then measuring the counter register, we can determine # to the accuracy
O(1/T), and hence we can find r with high success probability in 7' = O(v/rN) queries.
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Problem 2

Consider a complete graph with N vertices 1,2,3.....N, in which each vertex is coupled to every other
vertex with a coupling constant 4. Suppose there exists a “defect-site” in the Hamiltonian at the
site w, so that the Hamiltonian of the system can be written as

H = —yL — |w)(w| (2.1)
where L = Ziii |i)(j| for the complete graph.

(a) If we start with a state

O
|->>—ﬁ;|>

compute the probability of r iy e target state as a function of time.
Hint: Consider the subspace spanned by |s) and |w).

(b) Find the time taken for which the probability of reaching the target state is maximum.

(¢) With the optimized choice of time, find the optimal value of 4 for which the probability of
reaching the target state 1s maximum.

(d) With the optimal value of v, show that the time taken to search for the target state scales as

O(V/N).
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i
eans = {x'[t] = iy (N-1) x[t] + iv YN y[t], ¥ [t] = — x[t]+ (v-1) y[t]}
N
sol = DSolve[{eqns, x[@] =1, y[@] = @}, {x[t], y[t]}, t]
Plot[{x[t] /. psol, y[t] /. psol}, {t, @, 20}]
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Plot[P, {t, @, 2}]
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Problem 1

In the period finding algorithm we prepared the “periodic state”
| A
ﬁZ""“ b r) (1.1)

j=0

where A = [(N =) /r]; then we perform the quantum Fourier transform with base N and measure.
The probability distribution governing the measurement outcome y is

Pe(y) 1 [sin®*7Ayr/N
(1 _o [ SEelaybich
y NA \ sin®7wyr/N

Let & be the deviation of the rational number y/N from the nearest integer multiple of 1/r,

(1.4)

Note that since there is a multiple of 1/ within the distance 1/2r from any real number, we may
assume that § < 1/2r.

(a) Show that
1
Pr(y) < — 1.5
W) < INare Lo
(b) Let us say that the measurement outcome y is “e-bad”. If the distance to the nearest multiple
of 1/r is larger than e. Show that the probability Prob(d > ¢) of a §-bad outcome satisfies

Prob(d > ¢€) < ;\]'1 (1.6)

Therefore, the probability of a e-bad outcome is small for N 35 1/e.




Problem 2

(a) Plot the probability distribution of a quantum walk

ith a “Hadamard coin” starting in state
| }) ® |0) and after T=100 steps. Plot only the probability

at even points.

(b) Plot the probability distribution of a quantum walk with a “Hadamard coin” starting in state

%m 1)+l 1)) ®10) (2.1)

after T=100 steps. Plot only the probability at even points.

(¢) Plot the variance of the position of the walker with respect to time for the quantum walk and
al random walk with an unbiased coin.
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Problem 1

Consider the [[5,1,3]] code with stabilizers

S\ =XZZXI
Sy =IXZZX
Sy =XIXZZ
S, =ZXIXZ.

Show that this code can correct an arbitrary single qubit error.




Problem 2

To correct photon loss errors, we may consider using superposition of photon number states to
encode information.

(a) We may encode quantum states as

10 = 5(10) +v2[2) + |4))

e = 5(0) = V312) + |4))

which are orthognal states with average photon number (n) = 2. Use the quantum error correction
criterion to show that the above encoding can correct the errors from the set & = {I,a}, with
anhiliation operator defined as aln) = /n ).

) We may use a slightly more complicated encoding

[0}, )+19)

3/6
‘f (2.2)
m(|0> —V3|3) + V36) — |9

with rage photon number 9/2. Use the quantum error correction criterion to show that the

D=

: A AQ
above encoding can correct the errors from the set {7, a,a*}.

(¢) Can you generalize the dl)()\ e encoding scheme to design a code that can correct up to L photon
loss errors, i.e., £ = {[. a,a?,-- } Hint: The square of the amplitudes are binomial coeffcients.




