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1. The Ising model defines a spin variable on a site i as o; = +1, with
the Hamiltonian

1 N
= § Z ']ijoioj —h;o’i (1)

ij=1
where h is an external magnetic field and J;; the interaction energy.
In the infinite range model, we set J;; = —J/N, and assume N large.

(a) Show that the energy of any spin configuration can be written as
a function of the magnetization m = >, 0;/N = M/N and the field h

(b) Show that the partition function can be written in the form

Z(h,T) = Z exp[—BF(m,h)] (2)
M

where the summation extends over configurations labelled by their
magnetization M. Determine F(m,h) as a power series to fourth
order in m.

(c) Show that the free energy is given by

F(h,T) = min[F(m, h)]m

(d) Find the critical temperature 7, and the spontaneous magnetiza-
tion m(T") for h =0

(e) Calculate the singular behavior near T, of the specific heat and of
the magnetic susceptibility.
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2. Use the following Landau theory for the Free energy density (per unit
volume) of a ferroelectric material with electrical polarization P in an
electric field £

¥ o
= —aP? + ~bP* + =cP% — PE :
F 2(1 +4 +6( (3)

where the coefficient a = o’ x (T'—T,) is temperature dependent, and
all the other coefficients are constant. Although the polarisation P is
of course a vector, we assume that it can point only in a symmetry
direction of the crystal, and so it is replaced by a scalar.

(a) Assume that b > 0 and ¢ = 0. Use Eq.3 to determine the form
for the equilibrium P(7") when E =0
(b) Again for the case b > 0 and ¢ = 0, determine the dielectric
susceptibility xy = % both above and below the critical temper-
ature.

Sketch curves for P(T), x~'(T), and x(T).

The electric field E is increased slowly from zero to large positive
values, reversed to large negative values, ind then increased back
to zero again. Sketch the form of the hysteresis loop in the P, F
plane for T < T,.

In a different material, the free energy is described by a similar
form to Eq.3, but with b < 0 and ¢ > 0. By sketching F at
different temperatures, discuss the behaviour of the equilibrium
polarisation and the linear susceptibility, contrasting the results
with those found in (c).

Using the model in (e) sketch the P-E hysteresis curves in three
cases: T < Ty, T > T > T,, and T > T., where T, is the
equilibrium transition temperature at zero electric field.
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3. (a) Making use of the spin commutation relation, [5’;;‘, S B] = ipne®P? S i

apply the identity iS; = [S;, H|, to express the equation of motion of

a spin in a nearest neighbour spin S one-dimensional Heisenberg fer-

romagnet, H = —J >, S - Spt1. = S
2

|
(b) Interpreting the spins as classical vectors, and taking the con-

tinuum limit, show that the equation of motion of the hydrodynamic

modes takes the form

S = Ja’S x §°S,

where a denotes the lattice spacing. [Hint: in transferring to the

continuum limit, apply a Taylor expansion to the spins viz. Sp,+1 =
Yo

Sm + a0Sm + 5 2Sm g ]

(¢c) Confirm that the equation of motion is solved by the Ansatz,
S(z,t) = (ccos(kx — wt), esin(kx — wt), v/ S? — ¢2), and determine the
dispersion. Sketch a ‘snapshot’ configuration of the spins in the chain.
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4. Consider the antiferromagnetic Heisenberg spin chain, H = ——J 3" S,,-

Si+1, where J >0
As an exercise, fill out the algebra sketched in the lecture.
(a) Make a spin flip on the sublattice, and then apply a Holstein-

Primakoff transformation to generate an effective Hamiltonian to lead-
ing quadratic order in the bosons.

(b) Diagonalise the resulting Hamiltonian to produce the dispersion of

spin waves

(c) Compute the zero-point corrections to the average sublattice mag-
netization.
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5. Applying the Euler-Lagrange equation, obtain the equation of motion

associated with the Lagrangian densities:

mé?  kea?
BT N S
B T (0a0)? - S

o Pty _m(b2 K [0 \2
£16,6,820] = —— - 5 (829)

i me: m .o n ,
Llp, 9] = - - Tu¢ - 14"

Ll (0] = 3 [52 — Jhua?(0.007]

§—1

m

L1, 0:6] = T1O — Shea®|0uoP
[Note that in 5. the field ¢ is complex.] Suggest a physical significance
of the last term in 1. What is the effect of this term on the excitation

spectrum of the corresponding quantum Hamiltonian? Starting with
the Lagrangian 2., obtain the Hamiltonian density.
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4 é;[gu(m b)) + 2, (—ksa“(m.»))] =0
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5. A -2%7% - LhaOfTo.d
%@ -6 %BF) =0 2Ued) — ke %6d) =0
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> |

m:i) —ksa°9$<1> = 0.
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6. In an isotropic fluid, we define a linear response function by the current
density J induced by a force F:

Ji(q,w) = xi5(q, w)Fj(q,w) (4)

where the subscripts i, j refer to Cartesian components, and we are
considering long-wavelength (small q) and low frequency response. We
impose mass conservation, i.e. d;p+ V -J = 0.

(a) Explain why the most general response function for an isotropic
system is of the form

x,-j(q - 0,w= O) = XL q;gj + X1 <6ij — q;g]) (5)

and describe the response to longitudinal and transverse forces (par-
allel or perpendicular to the momentum).

(b) Explain what happens if 7 and xr are not the same.

(c) Discuss why this motivates the response function of a superfluid
to be of the form, identifying the meaning of cs,

xij(a,w) = caigi/ (g — w?)
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7. In conventional bulk superconductors, it appears that on cooling through
the transition temperature, the electrical resistivity jumps discontin-
uously from a finite value, to zero . Also, above the transition tem-
perature, the specific heat is barely changed. (See Fig.1). What is the

important physical property of a weak-coupling superconductor that
explains why fluctuations are not important? Expressed in terms of
a microscopic length scale in a Ginzburg-Landau theory, what is the
region of proximity to the critical point where fluctuations are impor-
tant?
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. Phase diagram near a Lifshits Point.This is a reminder that ordered

, ~an be periodic in space
The free energy functional F' has the following form :

A o\ 2 2n\
PF= /dr A‘r]“) + Bn‘1 + A (ﬂ) +7T ( ,Z
i Ox ox*

The Lifshits point is determined by two conditions:
A=0 A=0

Assuming that B > 0 and I > 0, consider periodic modulation of the
order parameter 7(x) = 1y cos qzx.

(a) Find the equilibrium pitch ¢y of modulation.

(b) Draw qualitatively the phase diagram in (A, A) plane. What are
the properties of the phases ?

(c) Find the shape of the line of the second order phase transition into

uniform and modulated phases. Comparing the total free energies in
both phases, find the shape of line of the first order transition.
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2. Gaussian model
As derived in lectures, the free energy density of the Gaussian model
of an n-component spin becomes

_ h? A diq
f(t,h) = ——+n g ln([+]\q + Lq*) (1)
t Jo (@m)d
Here A is a microscopic cutoff, of order an inverse lattice constant.
Either directly from the above, or by computing the second deriva-
tive & f/0t%, find the singular contribution to the specific heat, and
thereby show that the free energy satisfies the scaling form

fsing =t t; (} h/,A

Determine the values of o and A.

Explain why your calculation shows that the parameter L is irrelevant.

)_e)r's denve aquin and  understand each Tevm

F}r N- componest  spin Hoailtonan

HE¥) = Sd"r [L Tt tl+(v)l‘-h+(r)],

3[')(,,) —> { )D{ “’() "“.
S H[E]-= [ [(Lz + kP )po- hsa)q»a)]

X = SDH’J e f~-lz

z - (et g bt
2
(= (CED)

Jn(Lr + kg t)

-



= Jc(th) = -L—i + n[ —;%ln(m”k'z’ﬁ)_

‘5 d W M)
't = = + —
c~ : ot " ‘(a GO* Lotr ke +t

2l + nt ’ il—%— —
C~ +* , @Tl’_)d (L‘l"""k'li“'t)’- oh;]M oj; Sc\uulm'f:‘j (*)

Py — d1 oy

IAS d-1
Qi 1 ﬂ(‘
(*) D n‘t go @-W)d (Lti‘f"'kiz'*’t)‘ b Jevh/aﬁor\ IS Wot
Ve
Jo aw newzsn«vj i

No  we yea“j cone  about :F yather thon exact ‘]Covm o]t C

SEll focus on frh) = —:—+ n[ o ln(Le"+ kg +t)

5 N
Py o i oy aﬁ(tm)=—%+n§jm“ S (L k)

€9

x=fFy > fen--L ( f]— H

e

(21[)" (L ’X —+ K_‘Q('f"a

b AR
= L 2
=-A+n (

(2-":)0[ [’ kz 9< + 9( "‘l P lh't]

Erod EA g
(&) ~ (a dx t* 7 n< %{ P 7<I+D A ( dx 1> oy lnt
A B



Fay S\rju\a\— citrbuton  cansider g<<| <’X<<j—E—>

4 (fEn e
A = 'tz (‘a dx 9(‘H )n(L‘%{’X‘P‘Fﬁl‘I‘D B = ’n‘tt%( J'x“d_“
En
d H /[
o~ = d Lz 4 7‘1 =
Xt (a x % <Lk'x+> ’In't't ?(F)
d de2 di"’f
= t?-[ﬁ;(J%A) "5 g K) :[
d de2 JH— d
ooMbMt : ‘tl [?'_‘_; El) + ﬁ i(F 1 ln‘tdl EE/\ ]
,&1 dr2 ‘i
wr®
T

nite ths L term s “absabed  as Fmv;ous ‘t—('/ym) with same depem‘wm & +

d+2
we Combine ‘L‘}\em v loe C-t-'z—\

d

these Leo-me,s A‘t— tarm 01 Kodar ijp_ 68_

Overl| {(},/17) — t%‘ [Ct‘glzlz . ]ﬁ:%(%/yj )

[Ct 2, Lt ﬂﬁ) (ﬁj

Gompare with T (W)

I

we hove x=2-4 a-dyl

2 .



3. Dangerously irrelevant variables
(a) Explain briefly what is meant by the statement that 'mean field
theory violates hyperscaling’. Hyperscaling is the Josephson relation
dv = 2 — a, where v is the correlation length exponent, and « for the
specific heat.

(b) Consider the singular part of the free energy density
8.5, 5) = 1/ ye fs(1, ht “Yn/Yt [ 4" yu”'yf)
where L is an irrelevant variable, so y;, < 0. Hence as t — 0, we expect

Lt b 1) — d/ye (/f(hf'f Yh /"'yt)

Suppose however that

lill(l)fs(.'l‘. y,2) =2""f(x,y), p>0.

Show that this leads to a violation of the Josephson hyperscaling law

(c) Show that near the Gaussian fixed point for Ginzburg-Landau the-
ory in d > 4, the quartic coupling u is formally irrelevant and that the
crossover exponent vy, /y; = —(d —4)/2.

(d) Compute the Landau (mean field) energy, and show that it scales
as fo ~ t2/u.

(e) Explain how this resolves the issue.
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Meissner effect

A superconductor or superfluid is described by a complex order pa-
rameter ¢ = [¢(r|exp(i¢(r|). Consider the low temperature phase,
where the modulus of the order parameter is a constant, and only
phase fluctuations are relevant.

The Hamiltonian of a charged superfluid coupled to the electromag-
netic vector potential A takes the form

BH[A, ¢| = :f /(ldr {%(W) —A)2 4+ (VAA)?

By transforming into Fourier modes, and integrating out the phase
variables, show that the effective Hamiltonian can be re-expressed as

¢—BHess|A] _ / Dé e—PHIAG]

where

[ - A il o
BHeps[A] =5 | (Aq-Ag - (q“)*) +(aAAqg) - (aA A-q)}
q

Explain the consequences of this result for a transverse (and thus phys-
ical) vector potential, namely for q- Aq = 0.
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5. Landau-Ginzburg model near four dimensions
This model is defined by an effective Hamiltonian for an n—component
magnetization m, viz.

t . K i
BH[m] = /(Idx <;|m|2 + %|V‘m|‘2 + u|m|* — m-h)

. The RG flows to second order in u are given by

dT 4du(n +2)
T = s N TS
dl ¥ (t+ KA2)
du 4u*(n + 8)
di (4—d)u— o Tae)e

where A is a cutoff and Ky = Sy/(27)?, with Sy the solid angle of a
d-dimensional hypersphere.

K A% — Ay?

Ky A4

Sketch the RG flows in the (, u) plane in the cases of d > 4, and d < 4,
showing that in the former case the Gaussian fixed point is recovered.
Determine the position of a new fixed point (¢*, h*) to leading order in
€ = 4—d., and linearize near the fixed point to determine to determine
the anomalous dimensions ;. .

Use a scaling relation to determine the anomalous dimension of the
magnetic field yy,.

Hence determine the critical exponents «, 3, v, and v.

Would higher order terms in the effective Hamiltonian be relevant, if
€ is small?
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6. The nonlinear o model
The differential recursion relations for this n— component model in d
dimensions were derived in lectures, and take the form (for tempera-
ture 7" and magnetic field h)
dT ) , . %
= —(d—2)T + (n — 2) K4A%2T? (4)
4

dh A, B—1) . .49 "
¥ h (d e TK4 A\ ) (5)

&

where A is a cutoff, and K3 = Sz/( 27)4. with S; the solid angle of a

d-dimensional hypersphere.

(a) Find the fixed points 7™, h* to leading order in e =d — 2

(b) Linearizing near the fixed point, find the scaling dimensions y; and
Yn, and thereby the critical exponents «, v, and 7

(c) In the case of d = 2, and n > 2, how does the correlation length
behave as T — 0 ?
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1. This problem introduces the idea of pinned elastic media, relevant for
models of friction and forced flow, earthquakes, and sandpiles.

A charge density wave (CDW) is a modulational instability in a solid
that gives rise to an almost periodic electronic charge density

p(r) = pec+ pocos(Q - T+ ¢(r, t))

Here p. is the collective uniform average electronic charge density in
the solid, and p, (< p.) the amplitude of the CDW, assumed constant
in space. The phase variable ¢(r,t) describes spatial and temporal
elastic fluctuations of the CDW. Interactions with impurities at ran-
dom positions R; with a low concentration ¢ give rise to a Hamiltonian
for the phase variable ¢

H = /d" [ (Vo)? +Zt (r — Ri)p(r) + pcE¢ (1)

Here E' is a uniform electric field that drives the CDW. (Notice that
pc¢ has the form of a polarization density, becuse ¢ corresponds to
a displacement of the CDW) The impurities may be assumed to be
described by a weak, short range potential V' = V, d(r — R;). The
dynamics are overdamped, described by
. O0H

= 30
where ¢ is the partial time derivative.
(a) Identifying the impurities as a weak random field, estimate the
correlation length of the phase variable ¢ in d—dimensions.

(b) Noting that a stationary solution (minimum) of H implies multiple
solutions under translation by ¢ — ¢ + 2n7m where n is an integer,
estimate the typical size of the barrier between metastable states.
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(c) Below the lower critical dimension that you have identified, explain

why temperature is an unimportant, but not irrelevant, variable

(d) Estimate the value of the electric field Er above which there are
no stationary solutions.

(e) As a function of electric field, describe qualitatively the behavior

s el g . A<O> d<o>
of the static responses: —;— and —;

(f) If in addition to a large DC field, a small ac component is added:
E(t) = E,+ dE cos(wt) qualitatively discuss the frequency response as
FE — Er from below.
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2. The random energy model

In this model, there are 2V configurations (just as for a set of N Ising
spins), but the energy is chosen stochastically. Denoting indices for the
states by 4, j, ... = {1,....2"V}, the energies E; are independent random
variables drawn from the distribution

and the partition function is defined as usual
2\
F= Z exp|—BE;j]
Jj=1

The results here are to be computed in the large N limit.

(a) Show that the number of energy levels A(e,e + §) in the interval
[Ne, N(e+ 6)] has the expectation

B . retd N e . ;
s 21\' / _6_—_"\‘_1-'-(11: _ e}\‘ max, e +55Q(Z)
™
Je

where sg(z) = log2 — T2

Explain what this means for the likelihood of finding a configuration
outside the range [—€*, €*] where €* = y/log 2

_E )
'X"’N —,\7 —N?(I
— = T € dx
c
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(b) With the definition
s(x) = sg(x), for z € [—€*,€*], and

s(x) = 0 otherwise,

show that the partition function is

o0 y /
7 = / ({J'(“\ (s(xz)—pBx)
J —00

(c) Hence show that the free energy density is

F 8 log2
f(8) = lim = = - “3 if B< B

N—oo IV

—log?2 if B> B.

Give an interpretation of this result.
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3. The roughening transition
Consider a continuum interface model in three dimensions, described

by fluctuations of a two-dimensional height h(x, viz.

B K

H,== d*x(Vh)?

(a) Calculate the correlation function (h(z)h(0)), for large x and show
that the interface is rough at any non-zero temperature. The subscript
o refers to averaging with the Hamiltonian H,

(b) Show that the following thermal average satisfies

(expli Y- )]} = exp | 22 3 aiaCloxi — %) (4)

i<j

where C(z) = logz/27 is the two-dimensional Coulomb interaction,
and Y ,qi = 0. Hint: the constraint follows from the translational
invariance of H,

(c) Prove that for k£ small or for separations large

2

(I(hx) = h¥))P) = =5 Gr(x — )
where Gr(x —y) = (exp[ik(h(x) — h(y))])

(d) Show that

‘X—yl —I\‘z/'Z“T[\’
o3 e (—)

a

where a is a short length scale cutoff.
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(d) Crystals have facets owing to a natural lattice periodicity, which
can be modeled by including a perturbation, here assumed small,

U=y, /(l2xcos(27.'h) /d“ [ dimh | ,—2in

where the lattice constant has been set to unity.

a /. D)
Compute a perturbation expansion to order y;, and show that to sec-
ond order

2w log(r/a) )
k

By re-exponentiating, show that this result gives an effective coupling

Gr(x—y) = Gr(x—y)oXx [1 + X = }.“ 34 drr® exp(—

constant K.g

(e) Recast these results into renormalization group equations, by scal-

ing the cutoff from a to ae' to obtain

dK Y
d_l\ ﬂ“a'ly(‘f =i
dyo

Vs
1l A P P

K

(f) Using these results, explain the phase diagram of the model
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4. One step replica symmetry breaking in the p-spin spherical model

The free energy of the infinite range, p-spin spherical model in the
large- N limit is given by

=5 ZQ p + logdet Q (7)

n—0 2/ 317

We propose a replica-symmetry-broken solution of the form of an n xn
matrix

I ¢
a1

Q1 q1

q0 1
q1

§ T " pal
where we have broken up the matrix into m x m blocks (here 3 x 3),
with the offdiagonal blocks all having the overlap gy (on every element)
and the diagonal blocks have self-overlap unity, other elements q;. We
expect on physical grounds that 1 > ¢1 > qo.

(a) Compute the overlap distribution as a function of n,m, go, 1

P((] - Qab

number of 9, : (m-m). n

2 n-nn
n _ n 2 N —
{Eﬂ) WL:!‘”‘ mon

ﬁ (S, + SGetm,) = T )(QV‘ Dm$E-2) + niem §- i)>

_ Zm(m DS(‘i D+ 20 (n- m>§(‘t )




Show that your calculation leads to a physically sensible result in the
limit n — 0, provided 0 < m < 1.

(b) Show that the matrix ) has the following eigenvalues and degen-
eracies

(1—q1) di =n—n/m
(1—q1) +m(q1 — qo) do=n/m-—1
A3 (1 —q1) +m(q1 — q0) + nqo d3 =1

(c) Hence obtain the free energy (taking the limits n — 0 and keeping
0<m<1)

32
7 14 (m —1)q] — mq})

(m—1)
m

—2‘.‘3Fl RSB

1

log(1—q1) + = log [m(q1 — qo0) + (1 — qu)]
90

m(q — qo) + (1 —q1)

(d) Minimise Fj gsp to obtain three saddle point equations, for m, qq, q; .
Solve these equations, numerically or graphically, and explain the re-
sults.

Hint. You should find that q, = 0, and at high enough temperatures q,
is zero, while m is undetermined. On lowering temperature, find the
first temperature T' = T where q1 is nonzero while m = 1.
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